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F O R  T H E  M O T I O N  O F  AN E L E C T R I C A L L Y  C O N D U C T I N G  M E D I U M  IN A 
S T R O N G  M A G N E T I C  F I E L D  

Ym P.  E m e t s  

Zhurnal Prikladnoi Mekhaniki i Tekhnicheskoi Fiziki, Vol. 8, No. 3, pp. 3-11, 1967 

In a strong magnetic field the ions as well as the electrons acquire 
Larmor rotation. II1 this case the electric field in the channel and its 
integral characteristics depend both on the geometry of the channel 
and the external magnetic field strength, as well as on the physical 
state and chemical composition of the moving medium. Phenomena 
occur which are observed in a channel when only the spiral motion 
of the electrons is taken into account (current concentration on the 
ends of the electrodes, distortion of the streamlines in the center of 
the channel etc.). 

However, the presence of ion "slipping ~ exerts a much moremarked 
effect on the integral characteristics of channels. Thus, for example, 
the power of a magnetohydrodynamic generator in a strong magnetic 
field becomes constant and remains so as the field increases still 
further. This property of an energy converter is explained by the fact 
that the internal resistance of the generator has a square law depen- 
dence on the magnetic field. 

Another important phenomenon is connect@ with the "slipping" of 
ions. In a strong magnetic field the Hall electromotive force dis- 
appears, the electrical conductivity of the medium becomes a scalar 
instead of being a tensor, and the current distribution pattern in the 
channel assumes the same form as in the case in which there is no 
Larmor rotation of the electrons. The electrical conductivity of the 
medium is then taken to mean its effective value which is a function 
of the magnetic fieId. In the present paper the task of finding the cur- 
rent distribution in a charmel is reduced to solving a boundary value 
problem for a special class of periodic functions. For this we use the 
theory of boundary-value problems for the class of automorphic func- 
tions. 

w In t h e  s o l u t i o n  of  t h e  p r o b l e m  we  a s s u m e  t h a t  

t h e  m a g n e t i c  R e y n o l d s  n u m b e r  R m  is  m u c h  l e s s  t h a n  

u n i t y ,  s o  t h a t  t h e  i n d u e e d  m a g n e t i c  f i e l d  i s  no t  t a k e n  

i n to  a c c o u n t .  T h e  e x t e r n a l  m a g n e t i c  f i e l d  H(0, 0, Hz) 

in  t h e  c h a n n e l  - ~  < x < ~ ,  0 ~ y _< h of t he  m a g n e t o -  

h y d r o d y n a m i c  g e n e r a t o r  w i t h  s y m m e t r i c a l l y  p l a c e d  

e l e c t r o d e s  (F ig .  1) i s  t a k e n  to  b e  u n i f o r m  a n d  in a 

d i r e c t i o n  n o r m a l  to  t h e  f low of t h e  m e d i u m  v(u(x ,  y) ,  

v (x ,y ) , 0 ) .  

In a s t r o n g  m a g n e t i c  f i e l d  O h m ' s  l aw is  w r i t t e n  in 

t h e  f o r m  [1] 

c "-H--J• 
r o O)i'~ i . 

• H + - ~ - 7 - O  • H) • H ( ~ = l ~ l ) .  (1.1) 

H e r e  j i s  t h e  c u r r e n t  d e n s i t y  v e c t o r ,  ~0(x,y) is  t h e  

e l e c t r o s t a t i c  p o t e n t i a l ,  H is  the  m a g n e t i c  f i e l d  s t r e n g t h  
v e c t o r ,  a i s  t h e  e l e c t r i c a l  c o n d u c t i v i t y  of t h e  m e d i u m  

in  t h e  c h a n n e l ,  co e a n d  co i a r e  t he  c y c l o t r o n  f r e q u e n -  

c i e s  of t h e  e l e c t r o n s  a n d  i o n s ,  r e s p e c t i v e l y ,  Te ~ a n d  

T~ ~ a r e  t he  e f f e c t i v e  c o l l i s i o n  f r e q u e n c i e s  of t he  e l e c -  

t r o n s  a n d  i o n s ,  % tOe-re, and  coi~ i a r e  c o n s t a n t s .  
P r o j e c t i n g  c o m p o n e n t s  of (1.1)  on to  t h e  c o o r d i n a t e  

a x e s  and  s o l v i n g  t h e  r e s u l t i n g  s y s t e m  of e q u a t i o n s  

f o r  t h e  c u r r e n t  c o m p o n e n t s  Jx and  j y ,  we  h a v e  a f t e r  
s o m e  r e d u c t i o n  

(1 -I- eel;e(0i'~ i) [ Oq~ i /zH + 

%.to [ o~ + t ./zl] (1.z) 
+ i H- r \ - -  ~ ~- ]J " 

Considering Eq. (1.2) together with the condition 
for current continuity, for the assumptions outlined 
above, we have 

aLlax+ oi~I@ = o (1:3) 

a n d  r e p r e s e n t i n g  t h e  v e l o c i t y  in t h e  f o r m  

u = @ l a g ,  v = - -  a ~ l a x  , (1.4) 

w e  o b t a i n  t h e  h a r m o n i c  f u n c t i o n  

~ -~ ~_ -~-y~ ). (1.5) 

T h e  v e l o c i t y  c a n  a l w a y s  b e  r e p r e s e n t e d  in  t h e  f o r m  

of (1.4)  w h e n  t he  m e d i u m  in t h e  c h a n n e l  c a n  b e  r e -  

g a r d e d  as  i n c o m p r e s s i b l e  ( d i v v  = 0 and  t h e n  ~ ( x , 7 )  
i s  t h e  s t r e a m  f u n c t i o n ) ,  o r  w h e n  t h e  f l o w  is  r e c t i l i n e a r  

v(u(y) ,  0, 0), in  w h i c h  c a s e  

(Y) = i u (g) dg o 
0 

T h e  c o m p o n e n t s  Jx a n d  jy  of t h e  e l e c t r i c  c u r r e n t -  
d e n s i t y  v e c t o r  a r e  e x p r e s s e d  in t e r m s  of t h e  f u n c t i o n  

Z(x ,y)  

1~ (x, y) = 

1~ (x,  y) = 

~(i § az %',:~ a~,l (1.6) 

T h u s  t h e  p r o b l e m  of f i n d i n g  t h e  c u r r e n t  in  t h e  

c h a n n e l  is  r e d u c e d  to  d e t e r m i n i n g  t h e  f u n c t i o n  ~ ( x , y ) .  

L e t  us  now f o r m u l a t e  t h e  b o u n d a r y  c o n d i t i o n s .  T h e  

c h a n n e l  w a l l s  a r e  t a k e n  to  b e  i m p e n e t r a b l e  a n d  m a d e  

of p e r f e c t  m a t e r i a l s  ( i d e a l l y  c o n d u c t i n g  e l e c t r o d e s  

a n d  i d e a l  i n s u l a t o r s ) .  T h e  n o r m a l  c o m p o n e n t  of t h e  

c u r r e n t  is e q u a l  to  z e r o  a t  t h e  n o n c o n d u c t i n g  w a l l s ,  
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a n d  t h e  t a n g e n t i a l  c o m p o n e n t  of t h e  e l e c t r i c  f i e l d  is 
e q u a l  to  z e r o  a t  t h e  c o n d u c t i n g  w a l l s ;  m o r e o v e r ,  t h e  

-Z+ih //7 Z+ih 
c d 

a b ~x 

-[ 0 g 

Fig .  1 

h y d r o d y n a m i c  c o n d i t i o n  v = 0 is  s a t i s f i e d  a t  t h e  c h a n n e l  
w a l l s  w h i c h  a r e  b o t h  i m p e n e t r a b l e  a n d  m o t i o n l e s s .  

T h u s  a t  t h e  i n s u l a t o r s  

0Z C~ 0Z 
/ u = 0  o r  "-~-+1+%.%%.~i ~ - = 0  ; (1.7) 

a t  t h e  e l e c t r o d e s  

v = O ,  O ~ p / O z = O  o r  O z / O x = O ;  (1.8)  

a n d  a t  i n f i n i t y  

j = 0 .  (1.9) 

To s o l v e  p r o b l e m  (1 .5) ,  ( 1 . 7 ) - ( 1 . 9 ) ,  t h e  t h e o r y  of 

t h e  R i e m a n n  b o u n d a r y  p r o b l e m  f o r  a u t o m o r p h i c  f u n c -  
t i o n s  i s  e m p l o y e d .  

We now i n t r o d u c e  t h e  f u n c t i o n  

w (z) = ~ (z, ~) + i v  (z,  y) = 

= O%/Ox - -  iO~/Oy (z = ~ + i y ) ,  (1 .10)  

w h i c h  is  a n a l y t i c  w i t h i n  t h e  s t r i p  0 < I m z  -<h ,  a n d  

w h i c h  m a k e s  i t  p o s s i b l e  f o r  t he  i n i t i a l  d i r e c t i o n a l  d e -  

r i v a t i v e  p r o b l e m  to  b e  r e d u c e d  to  a R i e m a n n - H i l b e r t  

Z6 

g 0.4 g8 Z2 

Fig .  2 

b o u n d a r y  p r o b l e m  w i t h  d i s c o n t i n u o u s  c o e f f i c i e n t s  f o r  
t h e  s t r i p .  

W e  s u b s t i t u t e  t h e  v a r i a b l e s  

= a z / h  ( z = ~ + i y ,  ~ = ~ + i ~ l ) ,  (1 .11)  

w h e r e  h i s  t h e  C h a n n e l  w id th .  Sub s t i t u t i  on  (1.11 ) c h a n g e  s 

t he  g e o m e t r i c  s c a l e  in t he  c o m p l e x - v a r i a b l e  p l a n e  

a n d  a s  a r e s u l t  w e  o b t a i n  a s t r i p  of w i d t h  ~r. T h e  e n d  

p o i n t s  of t h e  e l e c t r o d e s  a,  b ,  c,  a n d  d, r e s p e c t i v e l y ,  
b e c o m e  p o i n t s  w i t h  t h e  c o o r d i n a t e s  

A = - - ~ l / h ,  B =ox l /h ,  C = - - 4 x l / h - k  izt, 

D =- ~xl/h n t- i~x. (1 .12)  

F o r  t h e  f u n c t i o n  

W~ (~) = W (z) = Vx (~, ~1) + iVx (~, ~l), (1 .13)  

f r o m  b o u n d a r y  c o n d i t i o n s  ( 1 . 7 ) - ( 1 . 9 )  we  o b t a i n  t h e  
f o l l o w i n g  R i e m a n n - H i l b e r t  b o u n d a r y  p r o b l e m  in  t he  

s t r i p  0 __ I m ~  _< 7r ( s u b s c r i p t s  a r e  o m i t t e d  in w h a t  

f o l l o w s ) :  

c%% U (t) = 0 a t  L", U (t) = 0 a t .  L', V (t) - -  t + %%co5~ 

W(g)  -+0  a s  I~1-->o,,. (1 .14)  

Here L' denotes the segments AB and CD, and L" denotes the re- 
maining portion of the straight lines 1] = 0 and n = ~; the positive 
direction for encircling the strip is taken so that the interior of the 
strip 0 < Img < ~r remains always on the left, 

/0 

~s~s 

/ 
70 

we're 
70 z 78 J 

F ig .  3 

Problem (1.14) is reduced to a Riemann boundary-value problem 
for singly periodic functions of period 2~. This is a particular case of 
the Riemann boundary-value problem for automorphic functions [2,3]. 

Formulation of the Riema_nn_boundary-value problem involves the 
introduction of the function W(g) which is the complex conjugate of 
the function W(~) at points where the values of ~" are complex con- 
jugates. The strip --~ -<Im~ -< �9 is taken to be a fundamental region 
of the zeroth kind for the singly periodic group generated by the 
transformation gk(g) = g + 2~rik. The fundamental prime invariant of 
the group is the function exp g, which is bounded at the left end of 
the sl~ip and has a pole of the first order at the other end of the strip. 

T h e  R i e m a n n  p r o b l e m  c o r r e s p o n d i n g  to t h e  R i e m a n n -  
H i l b e r t  p r o b l e m  (1.14) h a s  t he  f o r m  

~F + (t) = - -  iF- (t) a t  L' 

(t ~ L" -I- L") , 

t ~ O)e'ge(Oi'~ ~ ~- ~O)e'g e 
~r + (t) = t + % ~ - -  ~ ~ -  (t) a t  L" 

~ ( ~ )  = ~'~*(~) f o r  0 < I m ~ < ~ ,  , I ,+(~)=W(~),  

t ' ~ -  (r f o r  --  ~ < I m  ~ < 0, ' t ' -  (~) = W (~), 

l i m W ( ~ ) = 0  a s  1~!--,oo. (1 .15)  

In a c c o r d a n c e  w i t h  t h e  p h y s i c a l  c o n d i t i o n s  f o r  t h e  

c o n c e n t r a t i o n  of c u r r e n t  n e a r  t h e  e n d s  of t h e  e l e c -  

t r o d e s ,  t h e  s o l u t i o n  of p r o b l e m  (1.15)  i s  c o n s t r u c t e d  

as  a c l a s s  of f u n c t i o n s  w i t h  i n t e g r a b l e  s i n g u l a r i t i e s  

a t  p o i n t s  A, B ,  C, a n d  D and  b o u n d e d  a t  t he  e n d s  of 
t h e  s t r i p  

(~) = (~ l )~Cle  ~ [(e ~ - -  e a) (e ~ - -  eD)]~/~+~ X 

x [(e~ - -  e B) (e ~ - ~c)]-~/ . -~ ,  ( 1 . 1 6 )  
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%% ( i )  
e = --~- arcLg I + %~ o)~ 0~s<T , (1.17) 

w h e r e  C 1 is  a r e a l  c o n s t a n t  wh o s e  va lue  wi l l  be  d e -  
t e r m i n e d  be low.  The func t i on  ~ (~ )  d en o t e s  t h e b r a n c h  
for  wh ich  

(1.23) 

H e r e  ~ i s t h e  e l e c t r o m o t i v e  f o r c e  and  2(p e is  the v o l -  
t age  b e t w e e n  the  e l e c t r o d e s .  

l i m ~ ( ~ ) e  ~ = (--t)*C~ as  I~1~ ~ (1.18) 

is  va l id .  
R e w r i t i n g  O h m ' s  law in  c o m p l e x  f o r m  

] (z) = 1~ (x, y) - -  ~/~ (x, ~) = 

_ ~ ( ca% (1 .19) 1 + %% r ~ + i%~ , - ~  

and  t a k i n g  f o r m u l a s  (1.10), (1 .15) - (1 .19)  in to  accoun t ,  
we f i n d  the r e q u i r e d  c u r r e n t  d i s t r i b u t i o n  in  a p l a n e  
c h a n n e l :  

ZO J l I  

-a28 ~15 o a15 g.28 

Fig.  5 

i (z) = ]~ (z, y) - -  ~A, (x, y ) = "  

- -  O~ (-- l )  ~ gz 
= i § %% (0~x~ § i%% exp -~- X 

[( ~z nl ~ / ~z ~l \ ~ -v'+~ 
x ~p T - -  ~ P - -  ~ )  ~o~p ~ + ~p T)A x 

x L texPT - -  exp T ) ~ e x P T  § exp - -  (1.20) 

The f o r m u l a s  which  have  b e e n  o b t a i n e d  e n a b l e  us  
to c a l c u l a t e  the  i n t e g r a l  c h a r a c t e r i s t i c s  of the  g e n -  
e r a t o r .  

0 
7 70 ~gz ~g~ ]ga 

Fig.  4 

The to t a l  c u r r e n t  I, f lowing  t h r o u g h  the  g e n e r a t o r  
load,  is  g iven  by the  f o r m u l a  

b 
Cls~ (t ~-o)eXeO)~;~) A l  ( l ,h ,  ~) 

I =  s~]~(x )d$  = (1.21) 
(~ + %.% ~5~)~ + % ~ 2  , r  

A~ (l, h, s) = [(e ~ - -  e -~u~) (e ~ + e~)VV'+ 'x  
--~ l/h 

• [(e ~ua __ e ~) (e~-l-e-'~q~))]-vr%~dx 

( - -  :al/h .~ x < xl/h). , ( 1 . 2  2 ) 

w h e r e  s is  the wid th  of the  e l e c t r o d e s  (the c h a n n e l  

height) .  
The  i n t e r n a l  vo l t age  d rop  b e t w e e n  the e l e c t r o d e s  

is  found f r o m  the  f o r m u l a s  

i oo 
c o~ / y ~  

If f o r m u l a  (1.20) is  e m p l o y e d ,  the  f i r s t  r e l a t i o n  of 
(1.23) m a y  be  r e d u c e d  to the f o r m  

$ - - 2 %  = C1 (l + o ~  coi*~) [A~ (l, h, s) + 

+ A3 (l, h, 8)1 [(1 + C0e'~e ~ (~ )~  + ~e~'~e~] -'/' , (1.24) 

A~ (l, h, ~) = ~ [(e = - -  e -=uh) (e ~ + e'Z/a)l-~/'+~ x 
nt/h 

x [(e~:__e ~[~) (eX.-F e-~t/h)]-'/,-~ eX dx 

--xllh 

A3 (~, h, 8) = I I(e-~/h--e~) (e~ + F'~h)]-~I'+~ x 

x [(e ~uh - -  e ~) (e ~ + e-~v~)] -'/'-* e ~ dz 

( ~  --~Z/h).  (1.25) 

The  va lue  of the  c o n s t a n t  C 1 is  o b t a i n e d  f r o m  the  
equa t i on  

~ - - 2 ~ = I ~ b ,  o r  ~ - - I g t z . = I ~ b .  (1.26) 

H e r e  ~ b  is  the  i n t e r n a l  r e s i s t a n c e  of the  g e n e r a t o r ,  
and  ~2 l i s  the  g e n e r a t o r  load.  S u b s t i t u t i n g  the  va lue  

zoi/Z ~] 

// ~eve~ 

-025 -8..75 0 g.15 0.2g 

Fig. 6 

of the  c u r r e n t  I d e t e r m i n e d  f r o m  f o r m u l a  (1.21) in to  

(1.26),  we have  
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The in t e rna l  r e s i s t a n c e  of the gene ra to r  is given 
by the fo rmu la  

f~ = - - y - - - -  = 

A~(l, h, ~)-q- h~(l, h, s) 
= ZSal(l, h, s) [( l  +(%~eeO.;~,;)'z+ t%'~'t'~'~] V'. (1.28) 

When the constant  C~ and the in te rna l  r e s i s t a n c e  
~2 b have been  found, it is a s imple  m a t t e r  to ca lcula te  
the other  in tegra l  c h a r a c t e r i s t i c s  of the gene ra to r  

k zo 4/I : 

were=lOg 

7=10-' ~ 

7ff.2 ~ 

70 "s ~ 0 

-023 -~15 O 015 0.28 

Fig. 7 

[4-6] :  the e l ec t r i ca l  power N = 2q~eI and the Joule 
d iss ipa t ion  in the channel  Q = I g - N. These fo rmulas  
can be wr i t t en  in a s imple  and c l ea r  form if we in -  
t roduce the load p a r a m e t e r  

2~e ~l 
q = - ~ - :  ~t+Qb (0~<q~i) .  (1.29) 

We then have 

I = ( l - - q ) ~ ,  N = q ( l - - q ) - 6 ~ b ,  

q = 0 - -  qP ~. (1.30)  

w It is c lear  that the e l ec t r i ca l  c h a r a c t e r i s t i c s  
of a magnetohydrodynamic  gene ra to r  are  bas ica l ly  
de t e rmined  by the value of the in t e rna l  r e s i s t a n c e  
~2 b (for fixed g and q). According to (1.28), ~2 b in 
the genera l  case depends on the geomet r i c  d imens ions  
of the gene ra to r  (l, h, and s), on the phys ica l  p r o p e r -  
t ies  of the conducting medium in the channel ,  and on 
the s t rength  of the ex te rna l  magnet ic  f ield H. Theo-  
r e t i ca l ly  ~2 b may vary  f rom zero  to infinity,  and the 
gene ra to r  c h a r a c t e r i s t i c s  vary  accordingly .  

As mentioned above, the boundary-value problem ~1.5), (1 .7) -  
(1.9) can be solved by other methods. For example,  the strip can first 
be transformed to a half-plane,  and then to the interior of a paral-  
lelogram by means of a Schwarz-Christoffel integral [4-8] .  Moreover, 
if we introduce an effective conductivity o, and the effective Hall 
parameter w,v, as given by 

6 ~e~e 
6, ~ I + t0eTe0)i'~ i ' O,'~, ~ ~ ~_ (0eT e 0)i,~i (2.1) 

and set them in the inital equations (1.6) and in boundary conditions 
(1.7), we obtain the boundary-value problem solved in [4,6, 8]. We 
can thus use the results of these papers to analyze the characteristics 
of magnetohydrodynamic energy converters when "slipping" of ions 
occnrs. 

It is convenient  to use approximate  fo rmulas  to 
find the in te rna l  r e s i s t a n c e  of the genera to r .  One 
such fo rmula  can be der ived f rom (1.28) by ca lcula t ing  
the imprope r  in tegra l s  (1.22) and (1.25) accord ing  to 
the method of r e s idues  

t 
Qb = ~ [(i + 7 o ~ 2 )  ~ + 

'-t- ~ k~ ~,n T )  j x  

x 

1 - - 2 8 :  ~1 ~-~s ( exp  ~l + ''+~ 
f~i'$i 

= ( 2 . 2 )  s + arc tg l + ~ %~e ~ 

The value of the coefficient  Y is def inedby the chem-  
ical  composi t ion  of the conducting medium and its 
phys ica l  state.  For  the cases  which a re  of mos t  i n t e r e s t  
in p rac t i ce ,  Y va r i e s  within the l imi t s  

T = (o:i / 0~eT~ ~ l0 - 1 -  t0 -4 

If WeT e = 0, exp res s ion  (2.2) reduces  to the fo rm 

i 2 exp (--  gl / 2h) (2.3) 
~ b - -  6s [ i + e x p ( ~ l / h ) ] [ i - - e x p ( - - g l / h ) ]  'h " 

Accord ing  to (1.28) the exact exp res s ion  c o r r e -  
sponding to this case is 

i A~( l ,h)+A3( l ,h)  2 K(k)  
~ b = ' ~ s  Al(l ,h) - -  as K(k') 

k = exp (--2nl /h)~ 
V -  ~ ) , (2.4) 

where  K(k) is an el l ipt ic  in tegra l  of the f i r s t  kind. 
Curves  of ~sQ b a re  given in Fig.  2 to i l l u s t r a t e  

how the in te rna l  r e s i s t a n c e  of the gene ra to r  depends 
on the l i nea r  d imens ions  of the channel.  The solid 
curve  co r re sponds  to the exact fo rmula  (2.4), and 
the dashed curve  to the approximate  f o r m u l a  (2.3). 
The approximate  expres s ions  (2.2) and (2.3) may be 
used  for in t e rmed ia t e  values  of l / h .  

In one case ,  when 

sh (nl/h) = I and l/h..~ 0.28, (2.5) 

the i n t eg ra l s  A i (i = 1 ,2 ,3 )  in (1.28) reduce  to be t a -  
funct ions  and the exp res s ion  for  the in t e rna l  r e s i s t a n c e  
a s s u m e s  the very  s imple  fo rm 

t Qb = -~ [(i + T c~ ~ + ~ V' . (2.6) 

It is clear from this case that when the ions have 
spiral paths, the value of ~2 b increases as the param- 
eter WeT e increases, and the greater the value of 
the coefficient T, the larger this rate of increase 
(Fig. 3). 

When WiT i = 0 and WeTe >> 1, ~b is an almostlinear 
function of the parameter WeT e for small values of 
I/h, and becomes a quadratic function of WeT e for 
large values of I/h. This property of the internal 
resistance ~2 b can be explained physically by the fact 
that ideally conducting electrodes tend to short-circuit 
the Hall emf. The screening of the Hall emf naturally 
decreases for shorter electrodes (and in the limit 
case of point electrodes disappears entirely). Thus, 
segmented electrodes are sometimes used to improve 
the c h a r a c t e r i s t i c s  of magne tohydrodynamic  energy  
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c o n v e r t e r s  f o r  OOe~ e ~ 0. The  s i t u a t i o n  i s  qu i t e  d i f -  

f e r e n t  w h e n  the  ions  as  w e l l  as  t h e  e l e c t r o n s  h a v e  

s p i r a l  p a t h s .  An i n c r e a s e  in t h e  e f f e c t i v e  e l e c t r i c a l  

c o n d u c t i v i t y  (~, = (r/(1 + TW~e T2) i s  now a l s o  a Con- 

t r i b u t i n g  f a c t o r  to  t he  i n c r e a s e  in ~2 b w i t h  i n c r e a s i n g  

WeT e. In t h i s  c a s e  t h e  i n t e r n a l  r e s i s t a n c e  of t h e  g e n -  

e r a t o r  i s  a q u a d r a t i c  f u n c t i o n  f o r  C0e~- e >> 1 e v e n w h e n  

t h e r e  is  no Hal l  e m f  in t he  c h a n n e l .  

We a l s o  n o t e  t h a t  s i n c e  t h e  g e n e r a t o r  e m f  g (~ = 

= c-~s-~HQo, w h e r e  Qo is  t he  r a t e  of f low f o r  t he  

m e d i u m  in the  channe l )  is  a l i n e a r  f unc t i on  of t h e  

m a g n e t i c  f i e l d ,  a s  We~-e i n c r e a s e s  b e c a u s e  of t he  

m a g n e t i c  f i e l d ,  w h e n  wi~- i ~ 0 t h e  g e n e r a t o r  p o w e r  

N h a s  an a b s o l u t e  u p p e r  l i m i t  a c c o r d i n g  to (1.30),  

w h i c h  is d e t e r m i n e d  by the  r a t i o  wiTi/~0e~- e. 

It has akeady been noted that determining the integral charac- 
teristics of the magnetohydrodynamic generator (which, according 
to (1.29)-(1.30), is the same as finding the internaI resistance) for 
arbitrary values of Wer e, wiri, and l fia involves tedious calculations 
of the improper (but converging) integrals (1.22) and (1.25). However, 
it is possible in principle to determine the generator characteristics 
on a model, for which we may use a semiconducting slab situated 
in a magnetic field. For these purposes it is convenient to use a slab 
of finite dimensions, in the form of a round disk, for example, with 
electrodes connected to a source of electric current [9]. It is a simple 
matter to establish the correspondence between the geometric param- 
eters of the channel and of the round semiconducting disk by means 
of conformal mapping (the appropriate transformation is given by 
the function w = tgt/Zih(1 - 4z/~). The over-all resistance of the 
slab is at the same time shown to correspond to the internal resistance 
of the generator. The resistances become identical when the physical 
constants of the semi-conducter and the conducting medium in the 
channel are the same. 

k (x) = 
C~a (t + ~o) ~e~) (1 + sh x) "~/~+~ 

(-- o.88 <x < o.88). (3.1) 

D e t e r m i n i n g  t h e  c o n s t a n t  f r o m  (1.21) and s u b s t i t u t -  

ing  i t  in to  (3.1) ,  we  o b t a i n  

2~/'I (1 + sh z) ~/'*~ 
iv(X) = B(a/a[t +2el, V~[t--Ze]) ( t - -shx) ' / -  --~- 

(-- 0.aS < z < 0.88) , (3.2) 

w h e r e  B(p,  q) is  a b e t a - f u n c t i o n ;  I i s  the  t o t a l  c u r r e n t  

f l o w i n g  t h r o u g h  t h e  e l e c t r o d e .  

Curves of j/I constructed from this formula are given in Figs. 5, 
6, and 7, respectively, for three values of the Hall parameter Wer e = 
= 3, 10, and 100for various y, 

As Wer e and 7 increase, the distribution of the normal current 
component tends to the case Wer e = 0 (dashed curve in Fig. 7). 

W h e n  ~re = 0 and  COe~ e i s  i n c r e a s e d ,  t he  i n t e r n a l  

r e s i s t a n c e  of t he  g e n e r a t o r  i n c r e a s e s .  Th i s  f o l l o w s  

f r o m  (1.28) 

Qb ----- I ~- Y me~'Q2 2K (k) ( k = o ~ p ( -  2:~Z/h)) 
k ' =  ~I/T ~ - ~  . (3 .3 )  

H e r e ,  a s  in  (2.5),  K(k) is  a c o m p l e t e  e l l i p t i c  i n -  

t e g r a l  of t he  f i r s t  k ind.  The n u m e r i c a l  f a c t o r  2 in 

(3.3) can  b e  e l i m i n a t e d  by t h e  t r a n s f o r m a t i o n  f o r m u l a  

f o r  e l l i p t i c  i n t e g r a l s  

K ( k ' ) =  2 . . / t - - k ' ~  I (2 Y-~h 

w The  d i s t r i b u t i o n  of e l e c t r i c  c u r r e n t  in the  

c h a n n e l  e x h i b i t s  a m a r k e d  d e p e n d e n c e  on the  Hal l  

p a r a m e t e r  WeTe and on the  c o e f f i c i e n t  3/- W h e n  T = 0 

a n d  We1- e ~ 0 (no " s l i p p i n g "  of ions )  we  know t h a t  t he  

s t r e a m l i n e s  a r e  d i s t o r t e d  in the  c e n t r a l  z o n e  of t h e  

c h a n n e l  owing  to  t he  a n i s o t r o p y  of c o n d u c t i v i t y  in t he  

m e d i u m ,  and  c o n c e n t r a t e  m a i n l y  at t h e  e n d s  of t h e  

c o n t i n u o u s  e l e c t r o d e s  a s  a r e s u l t  of t he  s c r e e n i n g  

of the  Hal l  e m f  by the  idea l  c o n d u c t o r s .  The q u a n t i t a -  

t i ve  c h a r a c t e r i s t i c s  of  t h e s e  p h e n o m e n a  a r e  d e t e r m i n e d  

by t h e  Hal l  a n g l e ~ s  = a r c  tg~oeT e (0--< ~e < ~ / 2 ) ,  w h i c h  

is  f o r m e d  b e t w e e n  t h e  e l e c t r i c  f i e l d - s t r e n g t h  v e c t o r  

a n d  t h e  c u r r e n t - d e n s i t y  v e c t o r .  

The apperance of ion Larmor rotation leads to a decrease of the 
Halt angle. Curves for ~r~ as a function of the Hall parameter Wer e, 
constructed from formula (1.17) for various values of 7, are given 
in Fig. 4 Inspection of the curves shows that when there is more 
"slipping" of the ions, the Hall angle rre decreases more rapidly as 
the parameter Wer e increases, The angle ~rs assumes its maximum 
values when the condition Wer e = f l / z  is satisfied. As ~r~ decreases, 
the anisotropy of conductivity and the Hall emf in the channel dis- 
appear. 

We s h a l l  now c o n s i d e r  how t h e  n o r m a l  c o m p o n e n t  

of t he  e l e c t r i c  f i e l d  a t  t h e  e l e c t r o d e  is  d i s t r i b u t e d  

in t h i s  c a s e .  One  p a r t i c u l a r  c a s e  of c u r r e n t  d i s t r i b u -  

t i o n  f o r  ~ e r e  ~ 0 a n d  WiT i ~ 0 w a s  t r e a t e d  in [10] by 

t h e  m e t h o d  of f i n i t e  d i f f e r e n c e s .  L e t  u s  a s s u m e  tha t  

l / h  ~ 0.28. We t h e n  h a v e  f r o m  (1.20),  a f t e r  s o m e  

t r a n s f o r m a t i o n s ,  

A f t e r  t r a n s f o r m a t i o n  we ob ta in  

i + T me~ K(kl) / k l = t h ~ l / h  "~ 

w The electric field in a channel with many sections can be 
calculated easily by generalizing the formulas of w 

Let a finite number of electrodes be situated on the channel walls, 
without specifying their dimensions or connecting circuit. The initial 
statements and the formulation of the problem remain as before. The 
field in such a channel was calculated by I. M. Tolmach and N. N. 
Yasnitskaya [11], when there is no ion Larmor rotation. 

The current distribution in the channel when ion "slipping" is 
taken into account is given by the following formula: 

i (# = i~ (~, ~) -- ii~ p, y) = 

-- (--I) ~ z • 

"~- l + T (%..,r e~ + i%T e P (exP ~--~-h ) 

• oxp %) (o,p x 

uz Aq-'/~-~ • [(o,p T oxpb ) (oxp ox,% jj (4.1) 

,(oxp § - -  = C2p_i exp 

/ 
+ %_2 exp I(2,-- Zl ~-) +... + C, exp T ' 

• %~e t 
--- og~<T. 8 -~- arc tg i + T %'~e ~ ' (4.2) 
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Here akb k and ak'bk'(k = 1 . . . . .  2p - 1) are the end points of 
the electrodes on the two channel walls. The real constants C k (k = 
= 1 . . . . .  2p - 1) in formulas (4.1) and (4.2) are still unknown, and 
it  is these which allow the solution m be fitted to a particular con- 
crete case, To find these constants we must take into account the 
circuit which connects the electrodes to the load. 

The author is grateful to A. B. Vatazhin for a useful discussion 
of the paper. 
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